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The phase (1 - x)Ta,05 WO,, 0 5 x 5 0.267 has been studied by X-ray powder diffraction and 
transmission electron microscopy. It was previously described as an infinite series of anion-deficient, 
a-UOj-type “line phases,” with compositions resulting from intergrowths of different blocks made up 
by small numbers of cy-UO$ype cells. More correctly (1 - x)Taz05 . xW03, 0 5 x 5 0.267 is 
described as an incommensurately modulated structure with a linearly composition-dependent primary 
modulation wave-vector qprim. = qb*. The underlying orthorhombically distorted cY-UOj-type parent 
structure has space group symmetry Ctnmm (a i= 6.20-6.14, b = 3.66, c = 3.89-3.85 A). Characteristic 
extinction conditions imply a superspace group symmetry of P : Cmmm : S, - 1,l. The four previously 
reported crystal structures in the solid solution field are examined by means of apparent valence 
calculations. Crystal chemical reasons are proposed for the width of the composition range, 0 5 x 5 
0.267, observed for the title phase. o 1992 Academic press, hc. 

1. Introduction 

Many crystalline solids, like all molecular 
systems, possess a unique chemical compo- 
sition. Such conventional crystalline solids 
are also characterized by having an immuta- 
ble chemical environment or coordination 
polyhedron for each distinct atom in the 
chemical formula. Less conceptually easy 
to rationalize, however, are the large num- 
ber of (nonstoichiometric) solid solutions- 
particularly wide range, nonstoichiometric 
solid solutions-with their apparent impli- 
cation of infinitely adaptive coordination 
polyhedra. 

Into this latter category fall several fasci- 
nating systems whose stoichiometry can be 
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written as MA,-, and which can all be de- 
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scribed as modulated variants of an average, 
cu-UO,-related parent structure (see Fig. 1). 
The modulation of this average, a-UO,-type 
parent structure (whose periodicity can be 
either commensurate or incommensurate 
with respect to the underlying a-UO,-type 
subcell) is due to the ordering of anion 
vacancies along the b direction of the (Y- 
UO,-type subcell. The inevitable structural 
relaxation which accompanies such anion 
vacancy ordering leads to a change in the 
local cation coordination polyhedra from 
hexagonal bipyramidal (as in a-U03) to pen- 
tagonal bipyramidal and distorted octahe- 
dral. Examples include the a-UOj --x system 
itself, the Ta,05 . TaO,F (mole ratios from 
1.5: 1 up to 15: 1) system (I), the ZrO, . 
ZrF, (in the vicinity of 35 mol.% ZrF,) sys- 
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FIG. 1. Shows the (slightly orthorhombically dis- 
torted) a-UOs-type underlying parent structure essen- 
tially responsible for the (h, k, I, m = 0)* reflections. 
The space group symmetry of this underlying parent 
structure is Cmmm (a = 6.14, b = 3.66, and c = 3.85 
A) and there are four independent sites per primitive 
unit cell--M at O,O,O (Roth and Stephenson could not 
distinguish between Ta and W); A, at O,O,$; A2 at f,O,O, 
and A3 at d,O,O. Also shown is the compositional modu- 
lation of the parent structure of Taz2W406, (see Fig. 1 of 
Ref. (7), i.e., and the A2 and A3 anion vacancy ordering 
scheme corresponding to the published structure. 

tern (2-#), and the Ta,O, * WO, (from 0 to 
-27 mol.% WO,) system (5-7). The crystal 
chemistry underlying the existence and 
compositional ranges of these various sys- 
tems is far from understood. 

Of these systems (1 - x)Ta,O, . xWO,, 
0 5 x 5 0.267 has been most extensively 
studied by X-ray powder and single crystal 
diffraction (5, 6, a-11). This wide range, 
nonstoichiometric system was first discov- 
ered as a result of attempts to understand 
the structure of the low temperature poly- 

morph of tantalum pentoxide (L-Ta,O,). 
The strong lines in the powder pattern could 
be indexed on the basis of an orthorhom- 
bically distorted, oxygen-deficient a-U03- 
type subcell with a = 6.20, 6 = 3.66, and 
c = 3.89 A. However, numerous weak lines 
also occurred which were difficult to inter- 
pret unambiguously. As single crystals of L 
Ta,05 could not be grown, attempts were 
made to stabilize this structure by adding 
other oxides. It was found that a variety of 
oxides could be used to “stabilize” phases 
very similar to L-Ta,O,, sometimes over 
quite a broad range of composition. In the 
case of W03, it was found that phases with 
subcells similar to L-Ta,O, existed over a 
range of composition from pure Ta,O, to 
-26.67 mol.% W03, i.e., 1 1Ta,05 * 4W0,. 

The seemingly chemically reasonable de- 
sire that there be as small a number of differ- 
ent coordination polyhedra as possible for 
each distinct ion in the chemical formula, 
e.g., Ta’+, suggested that the modulation 
periodicity of any composition within this 
composition range should always be com- 
mensurate with respect to the underlying (Y- 
UO,-type subcell. Thus, although no two- 
phase regions were ever found below the 
solidus for any composition from Ta,O, to 
llTa,OS . 4WO,, the interpretation given 
was still in terms of a series of distinct line 
phases (albeit an “infinite” number thereof) 
rather than in terms of a continuous solid 
solution. The only reason given for not in- 
voking a continuous solid solution was “the 
completely discontinuous shift of the b axis 
with composition” (6). The very definition 
of a b axis, however, assumes the existence 
of a superstructure and precludes the alter- 
native possibility of an incommensurately 
modulated structure with continuously var- 
ying, composition-dependent, primary 
modulation wavevector. Very recently Wil- 
liams et al. (7) have reported the results of 
an electron and powder X-ray diffraction 
study of various ternary L-Ta,O,-related 
phases including the (1 - x)Ta,O, . xWO,, 
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0 5 x 5 0.267 system. They found a contin- 
uum of structures and suggested a model 
whereby the apparently continuously vari- 
able unit cell parameters could be interpre- 
ted in terms of an ordered intergrowth 
model. In order to test the hypothesis that 
the (1 - x)Ta,OS * xWO,, 0 5 x 5 0.267 
system might best be described as a single 
incommensurately modulated structure 
with a composition-dependent primary 
modulation wave vector, we decided to un- 
dertake a systematic study of the phase rela- 
tionships given by Roth and Stephenson (5). 

Although there have been four published 
structure refinements (tours de force in their 
day) within the above stoichiometric range 
(8-11), none are very satisfactory chemi- 
cally or crystallographically. For example, 
in each of these refinements there are always 
several nonbonded oxygen-oxygen con- 
tacts very much shorter (-0.3-0.5 A) than 
the minimum chemically plausible distance 
of -2.50 A. In addition, bond length-bond 
valence calculations (see Section 5) do not 
give chemically plausible valences. Further- 
more all of the refinements suffered from 
a high degree of parameter interaction and 
hence gave very large e.s.d’s (-20.2 A) 
for the atomic coordinates and therefore for 
bond distances and angles. The desire to 
interpret this high degree of parameter inter- 
action in terms of a modulation wave ap- 
proach to structure refinement formed the 
second motivation for the present paper. 

2. Experimental 

2.1. Synthesis 

Specimens were prepared from Ta205 
(Koch-Light Laboratories Ltd., 99.9% 
pure) and WO, (Halewood Chemicals Ltd., 
99.9% pure) at a range of compositions (0, 
7.1, 18.8,33.3, and40.0mol.% WO& Speci- 
mens were mechanically mixed, pressed 
into pellets, and heated for variable lengths 
of time at differing temperatures in sealed 
Pt tubes and on alumina supports in air. 

As L-Ta,OS undergoes a phase transition at 
about 1360°C to an H-Ta205 phase the pure 
Ta,O, specimens were heated at tempera- 
tures of 1050 and 1350°C for 88 and 92 hr, 
respectively. For the more WO,-rich speci- 
mens it was necessary to use sealed plati- 
num tubes in order to avoid loss of WO, 
during the reaction. The two specimens 
which are not in the two-phase region de- 
scribed by Roth and Stephenson were 
heated at 1600°C for 91 hr. The specimens 
in the two-phase region were heated at 1550, 
1583,and 1600°Cfor5,7,and3days,respec- 
tively, in order to reach equilibrium. 

2.2. XRD and Electron Diffraction 

Specimens were examined by XRD using 
a Guinier-Hagg camera with monochro- 
mated CL&~, radiation. An internal stan- 
dard of Si (NBS No. 640) was used to cali- 
brate the measurement of XRD films for 
least-squares refinement of the unit cell di- 
mensions and the magnitude of the modula- 
tion vector. The material was further stud- 
ied on a JEOL 1OOCX transmission electron 
microscope. 

3. Results and Discussion 

3.1. Phase Relationships 

The phase relationships were as reported 
by Stephenson and Roth except that the in- 
commensurately modulated (1 - x)TazOS . 
xWO,, 0 5 x % 0.267 phase field was found 
to be best treated as a single-phase “solid- 
solution,” For specimens made with 26.7 < 
50 mol.% W03 Ta,WO, and Ta,,W,0,7 were 
present in equilibrium. 

3.2. Magnitude of the Modulation Vector 

The magnitude of the modulation vector 
for each composition was determined from 
both X-ray powder diffraction and electron 
diffraction patterns. The electron diffraction 
patterns showed that the modulation vector 
lay directly along the b* direction, and that 
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FIG. 2. Densitometer traces from XRD Guinier exposures (A = 1.5406 A) of 1350°C L-Ta205 and 
1600°C 18.8 mol.% W03 specimens. A four-index notation (h, k, 1. m) has been used to index reflections. 
While the subcell reflections vary little in their position, the satellite reflections, notably 1, 1, 0, - 3 
and 1, 3, 0, - 3 vary markedly. 

it could be incommensurate with respect to 
b* (see Section 3.4). 

Figure 2 shows densitometer traces from 
Guinier films of L-Ta,O, at 1350°C and 
18.8 mol.% WO, 1600°C specimens. While 
the parent unit cell reflections (h, k, 1, m; 
m=O)* vary little between specimens the 
satellite reflections shift dramatically, par- 
ticularly the higher-order harmonics, e.g. 
(1, 1, 0, -3)*; (1, 3,0, -3)“; (0, 0, 0, 2)“; 
(1, 1, 1, -3)“; and (1, 3, 0, -2)“. From 
these films q/b* was accurately derived 
using the (1, 1, 0, -l)* and (1, 1, 0, -3)” 
satellite reflections (see Section 3.4 for 
indexing notation). Note that the so-called 

“C”-line which has often been used to 
determine the “b-axis multiplicity” corre- 
sponds to the (1, 1, 0, - 3)” reflection in 
this four-index notation. The value of 
q/b* derived from the X-ray powder data, 
while in complete agreement with the value 
obtained from electron diffraction patterns, 
could be determined with higher precision. 
A plot of q/b* versus composition is given 
in Fig. 3. The magnitude of q/b* is linearly 
dependent on the composition, but the 
relation is more complex than in the case 
of Zr,O,F,, (4). The experimental data for 
(1 - x)Taz05 * xWO,, 0 5 x 5 0.267 fit 
the function q = (0.635 - 0.074x)b”. 
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FIG. 3. Plot of XRD determined q/b* versus composi- 
tion of (1 - x)Ta,05 . xWOs given in mol.% WOj. 
Within experimental uncertainty there is a linear de- 
crease of q/b* with increase of the W03 proportion. 

3.3. Unit Cell Dimensions 

The C-centered orthorhombic parent unit 
cell dimensions of the solid-solution field 
were determined using a least-squares re- 
finement of parent unit cell data out to 47” 
28 for CL&X,. These are presented in Fig. 
4. There is a steady decrease in the a and c 
subcell dimensions as the mol.% of WO, 
increases whereas the subcell b dimension 
varies much less. 

3.4. Electron Diffraction Patterns 

Figure 5 shows (a) and (b) [IOO], (c) [OOll, 
and (d) [OlO] subcell zone-axis diffraction 
patterns typical of the (1 - x)Ta,O, * xW03, 
0 5 x 5 0.267 solid-solution field. A four- 
index notation (h, k, 1, m) = ha* + kb* + 
lc* + mq, where a*, b*, c* correspond to 
the cell dimensions of the reciprocal lattice 
of the underlying Cmmm parent structure 
(see Fig. 1) and where the primary modula- 
tion wavevector q = 0.615-0.635 b*, can 
be used to index any given reflection. In 
general, it is difficult to distinguish between 
parent and low order (i.e., m = 1 or 2) satel- 
lite reflections due to the large amplitude of 

these first few modulation harmonics. The 
intensity of the satellite reflections does, 
however, drop off sharply for m > 2 such 
that harmonics with m > 9 are never ob- 
served (see Fig. 6). 

Note the characteristic satellite extinction 
condition F(h, k, 1, m)* = 0 unless h + 
k = 2n. This requires the underlying average 
structure to be C-centered. Note also the 
characteristic satellite extinction condition 
F(0, k, 1, m)” = 0 unless m = 2n in Fig. 
5a. The existence of such a characteristic 
satellite extinction condition requires the 
existence of the superspace group symme- 
try operation {g,.[O, 1) using the notation of 
Perez-Mat0 et al. (12). The corresponding 
superspace group is thus P : Cmmm : s, -1,l. 
Note also the characteristic diffuse intensity 
present in Figs. 5b and d. It appears to con- 
sist of diffuse sheets of intensity perpendicu- 
lar to c* and running through the G -+ Oc* 
reciprocal space positions (horizontal 
arrows in Figs. 5b and d). The strong azi- 
muthal intensity variation displayed by this 
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FIG. 4. Plot of refined parent unit cell dimensions 
versus composition of (1 - x)Ta205 . xWOs given in 
mol.% WOr. While there is a linear decrease in the a 
and e axis dimensions with increasing amount of WOr 
the b axis remains constant within experimental uncer- 
tainty. 
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FIG. 5. Shows (a) and (b) [lOOI, (c) [OOl] and(d) 
typical of the (1 - x)TaZ05 . xWOr, 0 5 x 5 0.267 
Area electron Diffraction Patterns (SADPs) while 
diffraction Patterns (CBPs). A four-index notation 
b*, c* correspond to the cell dimensions of the 
structure and where the primary modulation wave 
given reflection. Note the characteristic diffuse it 

type of diffuse distribution in wider angle 6. In spite of the very sharp subcell and 
[loo] (Fig. 5b) and [OlO] (Fig. 5d) Conver- satellite reflections, there is still clearly 
gent Beam Patterns (CBPs) requires displac- scope for compositional and displacive dis- 
ive shifts along the c axis to be responsible. order. Note, however, that spot patterns 
This is discussed in more detail in Section show that there are really two diffuse 

n 

V 

11 

:OlO] subcell zone-axis electron diffraction patterns 
;olid solution field. Patterns (a) and (c) are Selected 
patterns (b) and (d) are Convergent Beam electron 
(h, k, 1, m) = ha* + kb* + Ic* + mq, where a*, 
.eciprocal lattice of the underlying Cmmm parent 
ector q = 0.615-0.635 b*, can be used to index any 
:ensity distribution arrowed in (b) and (d). 
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FIG. 6. Shows a blow-up of the central portion of a typical [OOl] zone axis SADP. The primary 
modulation wavevector q - 22/35 b* and up to ninth-order harmonics are visible although only very 
weakly. 

“sheets” split on either side of the G ? Oc* 
planes (see Fig. 7) and that intensity shifts 
from the inner sheet to the outer sheet at 
large sinC#h. This effect suggests a size effect 
origin (13, 14) but further consideration of 
this complex diffuse distribution is beyond 
the scope of this paper. 

4. A Modulation Wave Approach to the 
Structural Description of the (1 - x)Ta,O, 
- xW0, 0 I x I 0.267 Solid- 
Solution Field 

4.1. The Underlying Parent Structure 

Given the continuous smooth variation of 
q/b* with composition and temperature, it 

is clear that any generally applicable crystal- 
lographic description of this system must be 
based upon a super-space group approach 
(15) rather than upon conventional crystal- 
lographic refinement at rational values of 
q/b*. The underlying parent structure (see 
Fig. 1) can be taken to be a slightly ortho- 
rhombically distorted, oxygen-deficient, 
a-UO,-type structure. This structure is es- 
sentially responsible for the (h, k, I, m = 
0)* reflections. Its space group symmetry is 
Cmmm with a = 6.14, b = 3.66 and c = 
3.85 A. There are four independent sites per 
primitive parent unit cell - M at 0, 0, 0; A, 
at 0, 0, 1; A, at 4, 0, 0; and A, at f, 0, 0. 
Stephenson and Roth (8-11) could not dis- 
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FIG. 7. SADPs showing the extremely characteristic “sheets” of diffuse intensity running perpendic- 
ular to c* and narrowly split on either side of the G pelp. * Oc* planes of reciprocal space. Patterns (a) 
and (b) are superspace zone axis SADPs taken in the close vicinity of the [OlO] zone axis (Pattern (a) 
is tilted -7” from [OIO] while keeping (OOlO)* excited. Pattern (b) is also tilted -7” from [OlO] but this 
time (2000)* is kept excited). Pattern (c) is a conventional [loo] zone axis SADP. 

tinguish between Ta and W. Hence we will 
simply refer to cation sites as M. The aver- 

fJj = [“f - 2x)/(2 - x)] fT, + [x/(2 - x) f, 
-A(l) = fO; fA(2) = fA(3) = fA 

age atomic scattering factors of the metal = [(3 - x)/(4 - 2x)] fo 
and anion sites, denoted fM, fA(t), fA(2), fAoj, 
are necessarily composition-dependent, For example, Ta,,W,O, has 41/52 of an 
e.g., for a composition (1 - x)Ta,OS . anion at each of the A, and A, sites on aver- 
xW0, = Tal?-,,W,O,-,,, age, i.e., the average atomic scattering fac- 
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tor of the A2 and A, sites, fAul = L(3) = 
41/52 fo, while the anion site above the metal 
atoms Al always remains fully occupied, 
i.e., fA(,) = fo (see Sections 4.3 and 6). 

4.2. DeJining the Modulations 

The deviation of the modulated structure 
from this basic structure can then be ex- 
pressed in terms of compositional and dis- 
placive modulations as follows (Z2): 

af,, CT) 

= f, Re 
{ 

c A, (q) exp(2niq * T) 
I 

(1) 

u, (‘0 = Re 
{ 

2 ep (9) exp(2+q *T> 
I 

. (2) 

Here 8s (T) represents the deviation (from 
f,) of the atomic scattering factor of the vth 
atom in the Tth parent primitive unit cell, 
while ucL (T) represents the atomic displace- 
ment away from its position in the parent 
structure (rp + T) of the pth atom in the Tth 
parent primitive unit cell. The composi- 
tional component of a modulation character- 
ized by the modulation wavevector q is 
specified by its compositional eigenvector 
A(q) = (aM, aA( aA(2), aA(3)h where the a,‘s 

are, in general, complex numbers, while the 
displacive component is specified by its dis- 
placement eigenvector e(q) = (e,&, e&,, e,; 
eA(l)xy eA(l)y9 eA(l)z; eA(2)x9 eA(2)y’ eA(2)z; eA(3)xT 

eA(3)~ 7 e,(,,,), where the e,,‘s are again in 
general complex numbers representing the 
shifts of the pth atom along the ath (= a, b, 
or c) directions. If such modulations have 
non-zero amplitude, they will give rise to 
satellite reflections at G _+ mq, where G is 
a Bravais Lattice allowed reflection of the 
a! - UO,-related parent structure. Note that 
displacive modulations with modulation 
wavevector q give rise to intensity not just 
at G -+ q but at G + mq, where m is an 
integer. 

Such modulations are characterized by 

TABLE I 

ONE-DIMENSIONAL IRREDUCIBLE REPRESENTA- 
TIONS OF Cmmm ASSOCIATED WITH THE (I~~,,,, = qb* 
PRIMARY MODULATION WAVEVECTOR 

E C2Y rx uz 

RI 1 1 1 1 

R2 1 1 -1 -1 

R3 1 -1 1 -1 
R4 1 -1 -1 1 

their transformation properties under the 
space group symmetry operations belonging 
to the little group of the corresponding mod- 
ulation wavevector (26). It is often the case 
that compositional and/or displacive modu- 
lations associated with specific modulation 
wavevectors transform according to a par- 
ticular irreducible representation (see Table 
I) of the corresponding little cogroup, in this 
case Czu = {E, C,,, a,, a,}. The diffraction 
symmetry characteristic of this incommen- 
surately modulated phase (see Fig. 5) imply 
that odd order harmonics transform with R, 
symmetry while even order harmonics 
transform with R, symmetry. The equiva- 
lent superspace group symmetry is 
P : Cmmm : s,-I, 1. The characteristic satel- 
lite extinction condition observed at the 
[loo] zone axis (see Fig. 5b) is a conse- 
quence of the superspace group symmetry 
operation ((rJ0, &} using the notation of 
Perez-Mat0 et al. (22). Complete specifica- 
tion of such a structure consists of determin- 
ing the above parent structure plus the 
Atomic Modulation Functions (AMFs) (22, 
17) describing the compositional fluctua- 
tions and displacive shifts away from this 
underlying parent structure as a function of 
q . T, where q is the primary modulation 
wavevector = 0.62 b* and T = ma + nb + 
pc + q . f(a + b) (m, n, p, q all integers) 
labels the different cells of the parent struc- 
ture. The above super-space group severely 
constrains the form of these AMFs. 
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4.3. The AMFs 

The most general possible compositional 
AMFs describing the compositional devia- 
tion from the underlying parent structure 
defined above can then be written in the 
form 

= f., c aM(2mq) cos(2r . 2mq . T + 2mc#~) 

VdT) = f~(,) 2 am(W) 
cos(2rr * 2mq * T + 2m4) 

6fA(2),A(3)(T) 

= L C k&W cos(2n . 2mq . T + 2m4) 
f a,([2m + l]q) cos(27~ * [2m + l]q . T 

- 90” + [2m + 1]4)}, (3) 

where the summations are over m = 1, 2, 
3 (we assume the average composition 
to ‘be’correct and hence there is no need 
to allow for the possibility of an m = 0 
compositional wave) and where the + sign 
corresponds to the A(2) site and the - sign 
to the A(3) site in the latter expression. In 
practice, the anion site above the metal 
atoms must always remain occupied for ob- 
vious crystal chemical reasons and hence 
a,(,,(2mq) can always be put to zero for all 
m. There is therefore one compositional de- 
gree of freedom for odd order harmonics 
and two compositional degrees of freedom 
for even order harmonics. In practice, the 
atomic scattering factors of W and Ta for 
X-rays are too close to be distinguished so 
that the ad2mq)‘s can not be refined. The 
global phase parameter, C#J, can be chosen 
arbitrarily when q is incommensurate. 
When q is commensurate, however, the re- 
sultant conventional space group symmetry 
is dependent upon this global phase pa- 
rameter. 

The most general possible displacive 
AMFs describing the structural deviation 
from the underlying parent structure defined 
above can be written in the form: 

udT) = Ch.Gm + llq) 
cos(27r . [2m + l]q * T - 90” + [2m + 114 

+ beMy(2mq) 
cos(27r - 2mq * T - 90” + 2mr$)} 

u,(,)(T) = c b~A(l),([2m + lln) 
cos(2~ * [2m + l]q * T 

- 90” + [2m + l]+) + beA(, (2mq) 
cos(2n - 2mq * T - 90” + 2m$)} 

u~(~M~)(T) = IX {+-akWM 
cos(27r * 2mq * T + 2m$) + bs,,(2mq) 

cos(2~ * 2mq - T“- 90” + 2m$) 
+ q&m + llq) 

cos(27~ * [2m + l]q - T - 90” + [2m + 114 
k bs,,([2m + l]q) cos(27r * [2m + l]q 9 T 

+ Em + ll+)), (4), 

where the summations are over m = 0, 1, 
2,3,. . ., and where the + sign corresponds 
to the A(2) site and the - sign to the A(3) 
site. There is one displacive degree of free- 
dom for m = 0 and four displacive degrees 
of freedom for each other order of harmonic 
(i.e., m # 0) in addition to the global phase 
parameter. Note that an origin shift of T,, = 
ma + nb + pc + 4 * $(a + b) is equivalent 
to a change in Q, of - 27~ q * To. 

4.4. Crystallographic Refinement 
Consequences 

Given that the highest order harmonic ever 
visible in electron diffraction patterns from 
any composition within the stoichiometric 
range is m = 9 (see Fig. 6) and the experi- 
mental observation that the intensity of sat- 
ellite reflections for approximately the same 
value of sin0lX do drop off monotonically 
and fairly sharply with increasing m, at the 
very most only 37 displacive degrees of free- 
dom and 13 compositional degrees of free- 
dom (9 if one assumes it is impossible to 
distinguish W from Ta) should ever be re- 
quired to accurately describe the structure 
at any composition within the solid solution 
field. In the refinement of L-Ta205, how- 
ever, some 90 displacive degrees of freedom 
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alone were refined (12). From a modulated 
structure point of view, there is clearly a 
rather large amount of over-parameteriza- 
tion involved in all the published structure 
refinements and hence the high degree of 
parameter interaction (blamed by Stephen- 
son and Roth for the large esd’s on the 
atomic coordinates) is not surprising. Fur- 
thermore, by resetting the published ob- 
served reflections (8-21) into the 4-index 
notation, it is clear that the number of ob- 
served reflections of the type (Mm)* dimin- 
ish rapidly with increasing m. It follows that 
the compositional and displacive degrees of 
freedom associated with each harmonic or- 
der become less and less reliable as m in- 
creases. Refinement constraints like this can 
be easily built into a modulation wave ap- 
proach to the structure refinement of such 
superstructures but not so easily into an iso- 
lated atom (or conventional space group) 
approach in which parameters on any one 
atom in the asymmetric unit are unrelated 
to parameters on any other atom in the 
asymmetric unit. 

4.5. Possible Space Groups of 
Commensurate Phases 

Given the superspace group symmetry of 
P : Cmmm : s,-I, 1 along with the odd or even 
value of the prime integers in the fraction 
describing the rational value of q = m/n, 
three sets of possible space group symmet- 
ries (for the resultant a’ = a, b’ = nb, c’ = 
c cell) can occur. These three sets result 
from different choices for the global phase 
parameter 4. They are as follows: 
q = (2m + 1)/(2n + 1) (e.g. L-Ta20s, where 
q = ?i (II)) 

4 = 2J 7rl(4n + 2) Pbam 
4 = (2J + 1) d(4n + 2) Pbmm 
$J = arbitrary Pb2,m. 

Stephenson and Roth (II) refined the struc- 
ture of L-Ta20s, where q = 6, in projection 
using the rectangular plane grouppm. Given 
that the existence of a mirror perpendicular 

to c is always assumed to be present, the 
equivalent three-dimensional space group is 
P2mm. 

q = (2m + 1)/2n (e.g. TaMW208rr where q 
= B (9)) 

c) = 25 d4n Pbmm 
4 = (25 + 1) d4n Pbam 
4 = arbitrary Pb2,m. 

Stephenson and Roth (9) refined the struc- 
ture of Ta3,,W208,, where q = f, in projec- 
tion using the rectangular plane groups pm 
and pg. The equivalent three-dimensional 
space groups are P2mm and Pb2,m, respec- 
tivel y . 

q = 2ml(2n + 1) (eg Ta,,W,0s7, where q = 
h (8)) 

c$ = 25 d(4n + 2) Cl 12/m 
C#I = (2J + 1) d(4n + 2) C2mm 
4 = arbitrary Cl lm. 

Stephenson and Roth (8) refined the struc- 
ture of Ta22W4067, where q = &, in projec- 
tion using the rectangular plane group Cm. 
The equivalent three-dimensional space 
group is C2mm. 

In all three cases above, J is an integer. 
In the first two cases, the different values of 
J simply correspond to different possible 
origin choices within the same structure. In 
the latter case, however, there are two dif- 
ferent possible structures associated with 
the space group symmetry. The values of 
4 corresponding to these different possible 
structures are as follows: 

4 = 0” + 4 J d(4n + 2) Cl 12/m 
C#I = T + 4J d(4n + 2) Cl 12/m 

an$ = ~12 + 4J d(4n + 2) C2mm 

C#I = - 1~12 + 4J d(4n + 2) C2mm. 

Landau free-energy arguments suggest that 
an arbitrary choice of phase is highly un- 
likely (18) and that it is reasonable to assume 
that only the first two possible space groups 
in each case are relevant. The existence of 
so-called distortion planes as postulated by 
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Stephenson and Roth (8-11) is not, of ne- 
cessity , required by the observed diffraction 
evidence although partial occupancies are 
e.g., a C-centred Bravais lattice for 
Ta,W,O, implies that some of the oxygen 
sites must be partially occupied, The diffrac- 
tion symmetry is mmm for all the above 
possible values of 4 even though the actual 
point group symmetry can be lower. Finally 
note that it would be rather difficult on re- 
finement grounds alone to distinguish be- 
tween these alternate choices of global 
phase. Thus the possibility of pseudo-homo- 
metry arises and it is conceivable that the 
published structure refinements correspond 
to false minima (19-21). Considerations 
other than refinement statistics alone are re- 
quired to check chemical plausibility. 

5. Apparent Valence Calculations 

One of the most useful ways of checking 
the chemical plausibility of published struc- 
ture refinements is via the calculation of ap- 
parent valences (AVs) using the bond 
length-bond valence approach (22-24). In 
this approach, the relationship between the 
length of a bond @j) and its valence (s’j) is 
written in the form s’j = exp[(rf - r$‘B], 
where r: and B are empirical parameters 
which can be refined via use of the Inorganic 
Crystal Structure Database (ICSD). The ap- 
parent valence (AV) of atom i, V[, is then 
obtained as a sum over all the neighboring 
bond valences, i.e., Vf = CjS’j. If these 
apparent valences are in reasonable accord 
(i.e., within t 0.2 valence units) of the 
theoretically expected valences (in our case 
we would expect a valence of 5 for Ta, 6 for 
W, and 2 for 0) one can have confidence that 
the structure has been reliably determined. 
Brown and Altermatt (23) have refined the 
parameters rt and B for over 750 atom pairs 
and listed the 141 most accurately deter- 
mined values for rf. They find empirically 
that B can be set to a constant-namely 0.37 
A. By the calculation of apparent valences 

(AVs) (4) for the (closely related) reported 
crystal structure of Zr,O,F,, (3), for exam- 
ple, it has recently proved possible not only 
to confirm the chemical plausibility of the 
published structure but also to identify those 
anion sites which are occupied by 0, those 
occupied by F, and those sites occupied by 
a mixture of 0 and F. 

In the case of the Ta205 . WO, (from 0 to 
-27 mol.% WO,) system, a similar problem 
arises due to the similar X-ray scattering 
curves of Ta and W. Hence Stephenson and 
Roth (8-11) were not able to determine 
whether Ta and W atoms were ordered or 
disordered. Although all four of the pub- 
lished structure refinements (a-11) within 
the Taz05 . WOJ (from 0 to -27 mol.% WOJ 
composition range gave very large e.s.d’s 
(- kO.2 A) for the atomic coordinates, it 
is nonetheless instructive to use the bond 
length-bond valence approach to check 
their plausibility and to look for any ten- 
dency for Ta, W ordering. As discussed in 
the paper reporting the structure refinement 
of Ta,,W,O,, (a), neighboring O(17) sites 
related by the mirror plane perpendicular to 
b are too close to be simultaneously occu- 
pied as are neighboring 0(17) and O(18) 
sites. Hence these sites are only partially 
occupied, i.e., atom O(18) has an occupancy 
of t while atom O(17) has one of 1. The 
C2mm space group symmetry is then com- 
patible with the stoichiometry of Ta,,W,O,,. 
In calculating apparent valences it is im- 
portant to use the local coordination rather 
than the average coordination. Hence the 
different coordinations resulting from these 
partial occupancies were taken into ac- 
count. 

Table II presents the Apparent Valences 
(AVs) for the reported crystal structure re- 
finement of Ta22W4067 (8). There are clearly 
very major problems with the refinement 
from the point of view of AV’s. Many atoms 
are substantially over- or under-bonded, 
e.g., MU), M(2), M(4), M7’), O(l), O(3), 
O(5), O(7), O(8), and O(9). What is unclear, 
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TABLE II 

APPARENT VALENCES“‘~ FOR Taz2W406, 

AV AV 

Atom All Ta All W Atom All Ta All W 

M(l) 4.49 4.26 O(l) 2.56 2.43 
Wl’) 5.30 5.02 O(2) 2.10 1.99 
M(2) 6.82 6.47 O(3) 1.69 1.60 
MW 6.10 5.77 O(4) 1.91 1.87 
M(2”) 6.03 5.71 O(5) 2.60 2.46 
M(3) 6.04 5.72 O(6) 2.17 2.05 
M(4) 6.79 6.44 O(7) 2.62 2.48 
M(5) 4.95 4.69 O(8) 2.95 2.80 
M(6) 4.94 4.68 O(9) 2.86 2.71 
M(7) 5.22 4.95 WO) 1.77 1.68 
M(7’) 5.49 5.20 00 1) 1.98 1.88 
M(7”) 4.71 4.46 ow 1.93 1.82 

O(l3) 1.99 1.89 
O(l4) 2.00 1.89 
O(15) 2.00 1.89 
O(16) 2.00 1.89 
O(l7) 2.81 2.67 
W8) 2.30 2.18 
O(l9) 1.94 1.84 

0 Using bond valence parameters R0 (Ta-0) = 1.920 A and R. (W-O) = 1.900 A. 
b Note that there exist two distinct possible coordinations for the M(1) site (labeled M(1) and M(l’)), three 

distinct possible coordinations for the M(2) site (labeled M(2), M(2’), and M(2”)), and three distinct possible 
coordinations for the M(7) site (labeled M(7), M(7’), and M(7”)). The columns labelled “All Ta” and “All W” 
correspond to the AVs obtained if all metal atom sites are presumed to be occupied by Ta and W, respectively. 

however, is whether or not the AVs can be 
made more satisfactory via an adjustment 
of atomic coordinates compatible with the 
large (- a0.2 A) e.s.d’s given for each 
atomic coordinate, or whether it might be 
that these refinements represent false min- 
ima due to an incorrect choice of global 
phase as discussed above. The agreement 
between AVs and theoretically expected va- 
lences are no better for any of the other 
published crystal structure refinements. It 
is clear that none of these structures are 
chemically or crystallographically plau- 
sible . 

6. Interpretation of the Range of 
Solid Solution and the Diffuse 
Intensity Distributions 

As in the recent study of the structurally 
related ZrO,-XF,, it was helpful to use bond 

valence calculations to try to understand 
both the range of this solid solution, (1 - 
x)Ta,O, * xW0, 0.0 5 x 5 0.267, and the 
diffuse intensity distribution observed via 
TEM. 

Firstly, the range of solid solution can be 
understood if we consider all the bonding 
and non-bonding interactions in the system. 
Experimentally we observe (Fig. 4) that the 
parent unit cell dimensions in absolute terms 
vary little across the solid-solution, and for 
our purpose we consider them to be con- 
stant and ideal i.e., %‘%I = b. When we 
consider the cr-UO,-type parent structure 
the coordination (or bonding environment) 
of the cation is 6 + 2 (hexagonal bipyramid), 
the apical anion, A,, is in twofold coordina- 
tion and the equatorial anions, A2 and A,, are 
in threefold coordination. In (1 - x)Tq05 
* xWO,, which we describe as an anion- 
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2.6 

PWOS 

2.4 -I I 

FIG. 8. Plot of the average dCo-,, in the “circumference” of an idealized metal-oxygen polyhedron 
versus the composition of Ta(, _ x)WxOCS+xjR with 0 5 x s 1. 

deficient a-U03-type, if we assume that the 
bonding requirements of the apical oxygen 
are satisfied, i.e., its AV is exactly 2.0, then 
in order to satisfy the bonding requirement 
of the cation the remaining bond valence 
contribution, or bond order, of each M-0 
bond must be $ on average. This follows 
likewise in that each equatorial oxygen is 
three-coordinate and must sum to 2.0. When 
M = W there will be six such equatorial 
M-O bonds, when M = T%,333W0,667 (on 
average) there will be 5.5 such M-O bonds, 
when M = Ta,,667W0,333 (on average) there 
will be five (analogous to the cr-U,Os struc- 
ture) and when M = Ta there will be 4.5. 
The average M-O distance is necessarily 
determined by the bond valence require- 
ment of the cation. If we then idealize the 
n-gonal bipyramid for each of these compo- 
sitions we can calculate what the average 
dC,-,, is on the ‘circumference’ of this poly- 
hedron. We have plotted these results in 
Fig. 8. The most anion-deficient composi- 
tion observed for (1 - x)Ta,O, * xW0, oc- 

curs when x = 0.267, i.e., Ta2,W,0,,. This 
composition corresponds to an average 
d,o-o, of 2.55 A, which compares with clos- 
est O-O contacts of 2.518, in Zr,09F10, 2.57 
A in (r-U308, and 2.58 A in baddeleyite (see 
Ref. (4)). Thus it would appear that non- 
bonding O-O contacts in (1 - x)Ta,O, . 
xW0, determine the lower limit of oxygen 
vacancies required by this structure for this 
system. The upper limit is simply deter- 
mined by the end member, namely Ta,O,. 

Secondly, the diffuse intensity distribu- 
tion shown in Figs. 5b and d and described 
in Section 3.4 can also be understood in 
bond valence terms. As the apical oxygen 
atoms are two coordinate one can determine 
the magnitude of the c axis if one requires 
the bond valence of those oxygens to be 
exactly 2.0. As there is no evidence for or- 
dering of Ta and W along an -M-O-M-O- 
string parallel to c we can determine the 
average c axis dimension assuming a ran- 
dom distribution in that direction. These 
values are plotted in Fig. 9 for all composi- 



240 SCHMID, WITHERS, AND THOMPSON 

FIG. 9. Plot of the calculated and observed c axis dimension versus the compostion of Ta(,-,, 
WXO~s+x~,2 with 0 5 x 5 1. The calculated values are on the basis of AVs assuming a random distribution 
of Ta and W along the -M-O-M-O- chains along c. The observed values appear to be about 1% 
greater than the calculated dimensions. 

tions together with the observed c dimen- 
sions. It is striking that the observed dimen- 
sions are -1% greater than the calculated 
dimensions. Of course, these calculated val- 
ues assume that both the metal atoms and 
the apical oxygen atoms lie on the mirror 
planes perpendicular to c. If we allow either 
the oxygen or metal to move off the mirror, 
while still constraining the bond valence of 
the oxygen to be 2.0, the result is an increase 
in the calculated c dimension. This is be- 
cause the bond length-bond valence rela- 
tionship is exponential. The relationship be- 
tween the offset from the mirror plane, Ad, 
and the c axis increase, AC, is shown in Fig. 
10. To obtain a 1% increase in the c dimen- 
sion would require a 0.14 A offset. This mo- 
tion would be consistent with the diffuse 
intensity distribution observed via electron 
diffraction which requires correlated atomic 

motion approximately parallel to c with the 
displacements of neighboring -M-O-M 
-0- chains completely uncorrelated. 

7. Conclusion 

We have shown in this study that the se- 
ries of compounds (1 - x)Ta,05 * xW0, in 
the range 0 I x I 0.267 is best described as 
a solid solution with a single incommensu- 
rately modulated structure, with primary 
modulation wave vector varying continu- 
ously as a function of composition. While 
the earlier description by Roth and Stephen- 
son, namely an infinite series of line phases 
is not necessarily incorrect, our modulated 
structure description has the distinct advan- 
tage of requiring only one space group to 
describe all the compositions. 

Consideration of the AVs for the four 
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AC -axis (8) 

FIG. 10. Plot of the required offset Ad of the atoms from the mirror planes perpendicular to c versus 
the increase AC of the c axis. 

reported (1 - x)Ta,OS . xW0, structures 
suggests that all are chemically implausi- 
ble, though the authors of that work did 
acknowledge that there were such prob- 
lems in their refined structural models. 
Similar AV calculations on an idealized 
parent structure have enabled us to identify 
nonbonded O-O interactions as the lim- 
iting factor on the anion-rich end of the 
range, namely x = 0.267. 

Due to the deficiencies of the earlier single 
crystal X-ray structure refinements we are 
currently attempting to improve on those 
refinements using a modulated structure ap- 
proach. 
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